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Why . . .

. . . design a quantum programming language?

Better intuitive understanding of quantum
algorithms.

Simplify the design of quantum programs.

Develop formal reasoning principles for
quantum programs.

Understanding the computational aspect of
quantum physics.
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QML

QML: a �rst order functional quantum
programming language for �nite types

Reversible and irreversible quantum programs

Quantum data and control

Operational semantics: quantum circuits

Denotational semantics: superoperators
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Example: Hadamard operation
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Overview

1. Finite classical computation

2. Finite quantum computation

3. QML

4. Conclusions and further work
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Classicalcomputationson �nite types

Quantum mechanics is time-reversible. . .

. . . hence quantum computation is based on reversible
operations.

However: Newtonian mechanics, Maxwellian
electrodynamics are also time-reversible. . .

. . . hence classical computation should be based on
reversible operations.
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Classicalcomputation ( )

Given �nite sets (input) and (output):

� �

a �nite set of initial heaps ,

an initial heap ,

a �nite set of garbage states ,

a bijection ,
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Extensionalequality

A classical computation
induces a function U by

//

��

OO

U
//

We say that two computations are
extensionall y equiv alent , if they give rise to
the same function.
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sets can be realized by a computation.
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2. Finite quantum computation

1. Finite classical computation

2. Finite quantum computation

3. QML basics

4. Compiling QML

5. Conclusions and further work
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Purequantum values

A pure quantum value over a �nite set is
given by by a vector represented as

with unit norm:
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Qbits

Qbits are represented as which
we write as

Exambles of Qbits
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Tensorproducts

Tensor product = product of bases:

E.g.

Examples of :

EPR
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Reversiblequantum operations

Reversible operations on pure quantum
values are represented by unitary operators.

id

E.g.

where .
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Reversiblequantum operations.. .

Example : b
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On �nite-dimensional spaces:
Unitary = norm-preserving isomorphism
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Quantum computations( )

Given �nite sets (input) and (output):

� �

a �nite set , the base of the space of initial
heaps,

a heap initialisation vector ,

a �nite set , the base of the space of
garbage states,

a unitary operator unitary .
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Composingquantum computations
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Extensionalequality?

. . . is a bit more subtle.

There is no (sensible) operator on vector
spaces replacing .

Indeed: Forgetting part of a pure state
results in a mix ed state .
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Densitymatrizes

Mixed states can be represented by density
matrizes .

Eigenvalues represent probabilities

System is in state with prob.

Eigenvalues have to be positive and their sum
(the trace) is .
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Example: forgetting a qbit

EPR is represented by
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Example: forgetting a qbit . . .

After measuring one qbit we obtain
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Superoperators

Morphisms on density matrizes are called
superoperators, these are linear maps, which
are

completely positive, and
trace preserving

Every unitary operator gives rise to a
superoperator .
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Superoperators.. .
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Extensionalequality

A quantum computation gives
rise to a superoperator U super
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We say that two computations are
extensionall y equiv alent , if they give rise to
the same superoperator.
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Control of decoherence

QML is based on strict linear logic

Contraction is implicit and realized by .

Weakening is explicit and leads to
decoherence.
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3. QML

1. Finite classical computation

2. Finite quantum computation
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4. Conclusions and further work

QUOXIC Feb 05 – p.36/49



QML overview

Types

Terms

QUOXIC Feb 05 – p.37/49



QML overview

Types

²

�

�

�

² ³

�

² ³

Terms

QUOXIC Feb 05 – p.37/49



QML overview

Types

²

�

�

�

² ³

�

² ³

Terms

´

�

�

�

!



�

�

�

´

�

�

µ

�

�

„†¶

� � � ��

´

i

µ

� �

!



�

�

�

i

z

�

�

´

�

�

µ

�

�

·¹¸

�

´

�

�

·
¸ � µ

�»º

¼" 


´�½

	

���

·
¸

�

� µ

�

�

·
¸ � z µ

š

 

�»º

¼" 





´�½

	

���

·
¸

�

� µ

�

�

·
¸ � z µ

š

 

� ��

¾

�

´

� ��¿ �

µ

 

QUOXIC Feb 05 – p.37/49



Qbits

�

�

� �

�

�
��

�

�

�

·¹¸

�

� �

�

�
�

���
�

�

�

·¹¸

�

� �

�	

´

�

��

�

µ




!�"




µ

š

�

º ¼" 


���

·
¸

�

µ

�

�

·
¸ � µ

š

 

�	




´

�

��

�

µ




!�"




µ

š

�

º ¼" 





���

·
¸

�

µ

�

�

·
¸ � µ

š

 

QUOXIC Feb 05 – p.38/49



QML overview . . .

Typing judg ements

programs
strict programs

Semantics

QUOXIC Feb 05 – p.39/49



QML overview . . .

Typing judg ements

À

Á
Â

� ² programs

À

Á




Â

� ² strict programs

Semantics

QUOXIC Feb 05 – p.39/49



QML overview . . .

Typing judg ements

À

Á
Â

� ² programs

À

Á




Â

� ² strict programs

Semantics

À

Á
Â

� ²

Ã

Â

Ä

b

Ã

À

Ä Ã

²

Ä

À

Á




Â

� ²

Ã

Â

Ä

b




Ã

À

Ä Ã

²

Ä

QUOXIC Feb 05 – p.39/49



The let-rule

À

Á
Â

� ²

i

•

� ²

Á

Ž

� ³

�

�

�

À

ÁÆ
Å

Ç

È

•

�
Â

ÉËÊ

Ž

� ³

;;
;;

;

�
�����

�

;;
;;

;;

99
99

99
�

�
������

������ �

QUOXIC Feb 05 – p.40/49



The let-rule

À

Á
Â

� ²

i

•

� ²

Á

Ž

� ³

�

�

�

À

ÁÆ
Å

Ç

È

•

�
Â

ÉËÊ

Ž

� ³

À

ÌÎÍÐÏ

Ñ

Ò

;;
;;

; Ó

Ô

Õ

q

Ö

� Ó

�����
×

Ø Ù

×

�

;;
;;

;;

99
99

99 ×

�

Ô

�
������

������

Ô

�

QUOXIC Feb 05 – p.40/49



on contexts

if dom

�

QUOXIC Feb 05 – p.41/49



on contexts

À

i

•

� ²

i

•

� ²

�

�

À

�

i

•

� ²

À

i

•

� ²

�

�

À

�

i

•

� ² if •

Ú

b

dom

€

�

�

QUOXIC Feb 05 – p.41/49



on contexts

À

i

•

� ²

i

•

� ²

�

�

À

�

i

•

� ²

À

i

•

� ²

�

�

À

�

i

•

� ² if •

Ú

b

dom

€

�

À

ÌÎÍÐÏ

Ñ

À

Õ

q

Ö

�

QUOXIC Feb 05 – p.41/49



Another sourceof decoherence

mentions

but doesn't use it.

Hence, it has to measure it!

QUOXIC Feb 05 – p.42/49



Another sourceof decoherence

ÛÜÝ Þ

´

mentions �

ÛÜÝ Þ

´

�

�

�

�

ÛÜÝ Þ

´

�

�

�	

�

�

��

�

�

�
��

� 


!�"




�

���
�

�

but doesn't use it.

Hence, it has to measure it!

QUOXIC Feb 05 – p.42/49



Another sourceof decoherence

ÛÜÝ Þ

´

mentions �

ÛÜÝ Þ

´

�

�

�

�

ÛÜÝ Þ

´

�

�

�	

�

�

��

�

�

�
��

� 


!�"




�

���
�

�

but doesn't use it.

Hence, it has to measure it!

QUOXIC Feb 05 – p.42/49



Another sourceof decoherence

ÛÜÝ Þ

´

mentions �

ÛÜÝ Þ

´

�

�

�

�

ÛÜÝ Þ

´

�

�

�	

�

�

��

�

�

�
��

� 


!�"




�

���
�

�

but doesn't use it.

Hence, it has to measure it!

QUOXIC Feb 05 – p.42/49



-elim

::
::

:
�

�����

�

�

DD
DD

DD �

�
zzzzzz �

QUOXIC Feb 05 – p.43/49



-elim

ß

à%á
â ã

äæå

ç
è

é

â ã

à
ê

â

ë

ç
è

ì

â å

à%í

â

ë

äïî

ð

ñ
òôó

ßmõ

ç

à%ö
÷ øù á ú

û

üþý)ÿ

�

é

�
ê

�

ý
ÿ �

ì

�
í

�

â

ë

::
::

:
�

�����

�

�

DD
DD

DD �

�
zzzzzz �

QUOXIC Feb 05 – p.43/49



-elim

ß

à%á
â ã

äæå

ç
è

é

â ã

à
ê

â

ë

ç
è

ì

â å

à%í

â

ë

äïî

ð

ñ
òôó

ßmõ

ç

à%ö
÷ øù á ú

û

üþý)ÿ

�

é

�
ê

�

ý
ÿ �

ì

�
í

�

â

ë

ßmõ

ç

���	��


�




::
::

:

���
�

��� �

�


��

�

� �

�����

���

�

���

ë

�	�

 "!�

�

�

�

DD
DD

DD

#�

�

�	$

�

�
zzzzzz #%��

QUOXIC Feb 05 – p.43/49



-elim decoherence-free

::
::

:
�

�����

�

DD
DD

DD

�
zzzzzz �

QUOXIC Feb 05 – p.44/49



-elim decoherence-free

ß

à
&

á
â ã

ä
å

ç
è

é

â ã

à
'

ê

â

ë

ç
è

ì

â å

à
'

í

â

ë

ê

(

í

ä
î

ð

ñ
ò

ó

'

ßmõ

ç

à
&

ö÷ ø ù

'

á ú

û

ü
ý

ÿ

�

é

�
ê

�

ý)ÿ

�

ì

�
í

�

â

ë

::
::

:
�

�����

�

DD
DD

DD

�
zzzzzz �

QUOXIC Feb 05 – p.44/49



-elim decoherence-free

ß

à
&

á
â ã

ä
å

ç
è

é

â ã

à
'

ê

â

ë

ç
è

ì

â å

à
'

í

â

ë

ê

(

í

ä
î

ð

ñ
ò

ó

'

ßmõ

ç

à
&

ö÷ ø ù

'

á ú

û

ü
ý

ÿ

�

é

�
ê

�

ý)ÿ

�

ì

�
í

�

â

ë

ßmõ

ç

���	��


�




::
::

:

���
)

��* �

�


��

�

� �

�����

�,+

�

���

-

�

�

.

�

ë

�/� �/�

�

+

�

DD
DD

DD

�

)

$

*

�
zzzzzz #0+�

QUOXIC Feb 05 – p.44/49



1

2

This program has a type error, because
.

This program typechecks, because
.

QUOXIC Feb 05 – p.45/49



1

2

345 6

7

8:9

;

<

;

345 6

7

8�=

>

?@

A

=

B

CED
F

G

HJI
K

L D

MEN

D

G

HJI
K

L

This program has a type error, because
.

This program typechecks, because
.

QUOXIC Feb 05 – p.45/49



1

2

345 6

7

8:9

;

<

;

345 6

7

8�=

>

?@

A

=

B

CED
F

G

HJI
K

L D

MEN

D

G

HJI
K

L

This program has a type error, because

O

PRQ
S

T

O

P
Q

S

T .

This program typechecks, because
.

QUOXIC Feb 05 – p.45/49



1

2

345 6

7

8:9

;

<

;

345 6

7

8�=

>

?@

A

=

B

CED
F

G

HJI
K

L D

MEN

D

G

HJI
K

L

This program has a type error, because

O

PRQ
S

T

O

P
Q

S

T .

UV 3

7

9

;

<

;

UV 3

7

=

>

?@

A

=

B

CED
F

G

WYX

ZE[

L D

MEN

D

G

HJI
K

L

This program typechecks, because
.

QUOXIC Feb 05 – p.45/49



1

2

345 6

7

8:9

;

<

;

345 6

7

8�=

>

?@

A

=

B

CED
F

G

HJI
K

L D

MEN

D

G

HJI
K

L

This program has a type error, because

O

PRQ
S

T

O

P
Q

S

T .

UV 3

7

9

;

<

;

UV 3

7

=

>

?@

A

=

B

CED
F

G

WYX

ZE[

L D

MEN

D

G

HJI
K

L

This program typechecks, because

O

\�] ^J_

T

O

PRQ
S

T .
QUOXIC Feb 05 – p.45/49



4. Conclusions

1. Finite classical computation

2. Finite quantum computation

3. QML

4. Conclusions and further work

QUOXIC Feb 05 – p.46/49



Conclusions

Our semantic ideas proved useful when
designing a quantum programming language,
analogous concepts are modelled by the
same syntactic constructs.

Our analysis also highlights the differences
between classical and quantum
programming.

Quantum programming introduces the
problem of control of decoherence, which we
address by making forgetting variables
explicit and by having different if-then-else
constructs.
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Further work

Show that the operational semantics is
compositional by showing that it agrees with
the denotational semantics.
mostly done

An algebra of quantum programs, which is
complete wrt. the denotational semantics.
in progress

Add higher order types.
sketchy

Indexed types and programs
sketchy
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Thank you for your attention.

Draft papers, available from
//www.cs.nott.a c. uk /˜ tx a/p ubl/

A functional quantum programming langua ge
with J.Grattage

Structuring Quantum Effects: Super operator s as Arr ows
with J.Vizzotto and A.Sabry

A compiler for a functional quantum programming langua ge
with J.Grattage

QML: Quantum data and contr ol with J.Grattage
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