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Abstract

The standard inputs given to a quantum machine are clagsizaly strings. In
this view, any quantum complexity class is a collection dfsts of0, 1}*. How-
ever, a quantum machine can also accept quantum statesrgmuitsT. Yamakami
has introduced a general framework for quantum operatatsngits [18]. In this
paper we present several quantum languages within thislranddy generalizing
the complexity classes QMA and QCMA we analyze the complefithe intro-
duced languages. We also discuss how to derive a classicpldge from a given
guantum language and as a result we introduce new QCMA and @kBuages.

1 Introduction

One of the goals of complexity theory is to classify probleaago their intrinsic com-
putational complexity. To date researchers have made & dgahof progress in clas-
sifying classical problemito general complexity classes, which characterize at lea
in a rough way their inherent difficulty. While the definitiaf classical complexity
classes is based on a classical model, the definition of qoaabmplexity classes is
based on a quantum machine.

Loosely speaking, a classical problem is a relation of gfiover the alphabet
{0,1}. Accordingly, the inputs to a classical or quantum machneeckassical (binary)
strings which represeiristancef the underlying problem. A quantum machine can
also accept quantum states as its input. In this generalrpigte consider guantum
problemto be a property of quantum states, that is checkable by atguamachine.
Within this paradigm we aim to decide whether a quantum statiefies a given prop-
erty or whether it is far from all quantum states satisfyihgttproperty. This can be
considered as an extension of the quantum property testiegenone uses a quantum
machine to test a property of classical object$ 6, 3].

T. Yamakami provided another perspective on quantum pnadldy introducing
a general framework for quantum inputs and quantum opes;atdrere quantum non-
determinism is described in a novel wayl[18]. Furthermoesgtnstructed a quantum
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hierarchy similar to the Meyer-Stockmeyer polynomial hrehy, based on two-sided
bounded-error quantum computation. He also defined themaofi quantunpartial
decision problenas a pair of accepted and rejected sets of quantum statese Adlw
see later these two approaches for describing quantumepnstare closely related.

In this paper, we introduce different quantum languageshieixhibit interest-
ing relations on quantum states. In order to analyze the ity of these quantum
languages we extend the notion of complexity classes QMAQGWA to quantum
inputs. Finally we discuss how to derive a classical languagm a given quantum
language.

2 Preliminaries

We begin by defining our terms. We use Dirac’s notatigrto describe a pure quantum
state andp to describe a density matrix representation for a quantate gpure or
mixed). A purequantum stringof sizen is a unit-norm vector in a Hilbert space of
dimension2™. For a given quantum string), £(|¢)) denotes the size df) (the
number of qubits ing)). Following the terminology of[18], we use the notatidp to
denote the set of all pure quantum strings of siz®efine®, = J,,~, ®», to be the
set of all finite size pure quantum strings. Since the degigrator representation for
quantum strings is better suited for parts of our discussiendefine(2,, to be the set
of all density matrices of qubits, and2.. = (J,,~, {2 to be the set of all finite size
density matrices.

We work within the quantum network model as a mathematicalehof quantum
computation([4,_19]. To study the complexity classes in tineuit model we use the
concept ofpolynomial-time uniformly generated familye. a sequence of quantum
circuits,{C, }, one for each input length, that can be efficiently generated by a Turing
machine. We assume ea€h runs in time polynomial im and that it is composed
of gates in some reasonable, universal, finite set of quagates|[14]. Furthermore,
the number of gates in eac}, is not bigger than the length of the description of that
circuit. Therefore, the size af, is polynomial inn. We often identify a circui”
with the unitary operator it induces. We say that a circuidccepts a quantum input
|¢) with probability p if, when we runC with input register in statgy) and auxiliary
registers in0), we observe with probabilityp on the output register. We denote by
Prob[C(]¢)) = 1] the acceptance probability 6f on input|). It is well known that a
polynomial-time quantum Turing machine and a polynomiraketuniformly generated
family of quantum circuits are computationally equivalent

Considering quantum states as inputs raises the follovgisgeis. First, due to the
no-cloning theorem, we cannot copy an unknown quantum inplugrefore, to repeat
the same quantum computation over a given quantum input sveresthat a quantum
state is given as a black box, from which one can prepare sapithe required input
state on request. Equivalently, we can consider that theesay the quantum input
are given a priori. Second, since the the spageis continuous to define the notation
of complexity classes fob., we considepartial decision problenover @, [18]. A
partial decision problem is a p&ifl, B) such thatd, B C ®., andA N B = (), where



Aindicates a set of accepted quantum stringsAimdicates a set of rejected quantum
strings. Thdegal regionof (4, B) is AU B.

Consider aquantum languagé C ®.,. We define the corresponding partial deci-
sion problem for an arbitrary real number 0to be P, . = (A, B), with

A =L
B = {[$) € o | VIg) € L :| |¢h) —[9) = €},

where extrg0)’s are added to make. | meaningful. In other words there is diegal
regionwherePy, . cannot decide, and the size of this region is bounded biote that
deciding P;, . is equivalent to test the global prope®/which defines the quantum
states inL, since a given quantum statg) either satisfies the properfy (belongs to
A) or it is far from all the quantum states satisfyiRgbelongs toB).

Now, in this general framework a complexity class denotedis a collection of
partial decision problems. Yamakami described these ocaxitplclasses in terms of a
well formed quantum Turing machine with access to polyndmianber of copies of
quantum state$ [18]. Equivalently, we work within the umifiocircuit family where
polynomial number of copies of the input state are given arpri

Definition 1 A partial decision problem(A, B) is in *BQP if there exists a
polynomial-time uniformly generated family of quantumaeks{C,,} such that for
every|¢) € @, there exists a polynomial functianand a unique circuitC,,, with

m = poly(¢(|¢))) where:

i) if |¢) € AthenProb[C,,(|¢)®1 D)) =1] >2/3 ,

i) if |¢) € B thenProb[C,,(|¢)®1(#)) = 1] <1/3 1.
The other complexity classes that we will refer to @®IA andQCMA, introduced
by Knill, Kitaev and Watroud 11, 10, 16]. There are severabknQMA andQCMA
languagesl10,_16,1 11 9] 7. 117]. Informally speaking the dexify classQMA
(QCMA) is the class of classical decision problems for which a YBESag&r can be

verified by a quantum computer with access to a quantum {c&@psproof. In the next
section we introduce several partial decision problent§JNA and*QCMA.

Definition 2 A partial decision problem(A, B) is in *QMA if there exists a
polynomial-time uniformly generated family of quantumaaeks{C,,} such that for
every|¢) € @, there exists a polynomial functionand a unique circuitC,,, with

m = poly(¢(|¢))) where:

i) if |¢) € A then 3¢) € @ with £([¢)) = poly(£(|9))) :
Prob[C, (|p)@9¢oN) |gy@at®))y = 1] > 2/3,

) if[6)c B then vle) € Do with £(16) = poly(e(4)))
Prob[Cm(|¢)®q“(|¢>) |§>®( (12))) 11<1/3 .

1We can replacé /3 by any arbitrary small numbér/poly (£(|$))).
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Figure 1: A quantum network for direct estimations of bottelr and non-linear func-
tions of state. The probability of finding the control (topd) qubit in stateé0) at the
output depends on the overlap of the two target states (twordines). Thus estima-
tion of this probability leads directly to an estimation afgl,o, =v =2 Py — 1.

The definition of the complexity clas®QCMA is similar to the above, except that
instead ofl¢) € ®.,, we consider a classical statec X* as the proof. All the above
definitions can naturally be extendedg,.

It is important to note that in this paper we consider a quanstate to represent
only the data. The case where a quantum state describe auqupnagram has been
studied in [1B], where authors argued that to repregérdistinguishable quantum
programs (unitary operators) orthogonal states are required. Since the number of
possible unitary operations en qubits is infinite, it follows that a universal quantum
machine with quantum input as program would require an ifinumber of qubits
and thus no such machine exists.

The final concept we introduce is a simple quantum networkdha be used as
a basic building block for direct quantum estimations oftbliear and non-linear
functionals of any quantum stadgB, [2]. The network can be realized as multiparticle
interferometry and it provides a direct estimation of thertap of any two unknown
quantum stateg, andoy, i.e. Tro, 0p.

In order to explain how the network works, let us start witleagral observation re-
lated to modifications of visibility in interferometry. Csider a typical interferometric
set-up for a single qubit: Hadamard gate, phase shift gatéadamard gate, followed
by a measurement in the computational basis (Figlure 1). \Wkfynibie interferometer
by inserting a controlled? operation between the Hadamard gates, with its control on
the single qubit and with/ acting on two quantum systems describedohyand g
respectively. The operatdf is the swap operator, definedd$n) 4|5) 5 = |5) ala) B,
for any pure stategy) 4 and|3) 5. The action of the controlledi- on g, ® g, modifies
the interference pattern by the factor

V=TrV (o, ® 0s) = Tr 0q0p,

where v is the new visibility. The observed modification oé thisibility gives an
estimate of T(p,05), i.€. the overlap between states andg,. The probability of
finding the control qubit in stat®) at the output,P, is related to the visibility by
v = 2 Py — 1. The above network is one of the main ingredients for ourudision in
the next section, we redefine it as follows:



Definition 3 Letn be an integer number. The following quantum network ®ith+ 1
qubits is calledestimatiometwork and is denoted by, :

(H'@I"®@I") o (ctrl-V)o (H' @ I"® I™).

3 Quantum Languages

We start by introducing a simple language*iRQP and we build up towards more
interesting languages ifMQCMA and*QMA. In what follows we say that a language
Lin &, or Q. belongs to a complexity clagg’ iff there exists a small real number
such that the corresponding partial decision problem liesin*C.

Example 4 Let f : N — N be a function such that for alt we havef(n) < n. The
quantum languagé; defined below belongs tBQP :

L; ={|¢) € P : The state of the first(¢(|¢))) qubits of|¢) is pure} .

Proof Let o be the state of the first. = f(¢(|¢))) qubits of|¢) (this can be prepared
by tracing out the rest of the qubits|in)) and applyF,, to |0) ® o® o. The probability
of observing) in the first register is :

Tr(0?) +1

5 .
If o is pure, thenPy, = 1. If g is mixed, thenl/2 < Py, < 1. Hence, in or-
der to check thap is indeed pure we need to rut,, for a polynomial number of
times M = poly(¢(|¢))) and measure the state of the control qubit. In this case
Py = (%)M, which will be equal tol if ¢ is pure or tend exponentially
if o is mixed. The probability of acceptingas pure when it is in fact mixed is thus
exponentially small on the number of runsigf,. Therefore the following polynomial-
time uniformly generated family of quantum circufts), } satisfies the condition of the
definition[d, and will do the job (Figuid 2):

Con=Ty10(En®E,®---®@Ep).

whereM = poly(¢(|¢))) andTyy ; is a Toffoli type gate which flips the last qubit if
all the first M qubits are equal td. Note that the the number of qubits of eachy is
polynomial iné(|#)). O

Py =

The next example is an extension bf and belongs t6 QCMA. We can view
Definition[2 for accepting a language iQ)CMA or *QMA as an interactive protocol
consisting of two parties, often called Merlin (with unliied computational power) and
Arthur (with quantum polynomial-time power). Merlin is tng to persuade Arthur that
a quantum statein a given languagé satisfies a given property. To this end, he sends
Arthur a polynomial-size classical or quantum state as thefpEach party has access
to polynomial number of copies @f Therefore, a protocol to accept the language will
be a polynomial-time uniformly generated family of quantoetworks with classical
or quantum inputs given by Merlin and possibly polynomiafiner of copies of state

0.



Figure 2: A quantum network for accepting Langudge If o (the state of the first:
qubits of|¢)) is pure then the last qubit will be in stafe) with probability one. On
the other hand ip is mixed the probability of measuringin the last qubit decreases
exponentially with the number of runs.

Example 5 The quantum languagg, defined below belongs taQMCA :
Ly ={|¢) € Do : |¢) is separable with respect to two disjoint subsets of qjibits

In other words everyp) € L, can be written a$p1) @ |¢p2) wherel(|¢1)) +£(|p2)) =
(1))

Proof Since we assum@) to be pure, it follows thalp; ), |#2) will be pure as well:

Tr(|8)(0]) = Tr(l¢n) ® |¢2) (1] @ (2]
Tr (|61) (611 Tr (|62 (h2]*) = 1

therefore:

Tr (|¢1)(¢1]%) = Tr(|g2)(¢2]*) = 1.

The protocol for accepting- uses the network familyC, } of the previous exam-
ple. During the protocol, fofp) € Lo, Merlin will send a classical binary string of the
sizel(]¢)), calledsubset stringwhere each at position: indicates that théth qubit
in |¢) appears in subsel(; ). Given a subset strin§ and the corresponding quantum
state|¢), Arthur apply the simple network of FiguEé 3 to prepare theresponding
subset state and checks its purity with the proper netwtylof the previous example.
If Merlin attempts to cheat by sending a false partition thabability of obtaining al
will decrease exponentially with the number of runs.
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Figure 3: A quantum network to prepare the correspondingetigiate of the state).
In the given classical strin§, eachl at the positioni indicates that théth qubit in|¢)
appears in the subset stéig).

Note that any pure state), entangled with respect to two disjoint subsets of qubits
is of the form

N
|6) =D ciléi) @ 165),

=1
where}", |c;|*> = 1, |¢) @ |¢4) are an orthonormal set of states and at least two
¢; # 0. On the other hand, a pure separable state is sifpply® |p2). Therefore|e)
is almost separable if there exists a small real nuraband al < j < N such that
lejl =1 — €. If € < ¢/2, wheree is the parameter defining the illegal regioniof,
|¢) is undecidable.

O

Example 6 The quantum languages; defined below belongs tayMA :
Ly ={0€ Qs : olisanentangled staje

Proof A quantum state is said to be entangled if it cannot be writtehe form

0123..N = ZCZQf ® 05 ® 9;‘?, ®...0 oy,
¢

wheregj’- is the state of subsystejnand), C; = 1. Checking that a generig 3.y

is separable is a hard problem. However, it is possible tgtroat entanglement wit-
nesses that detect the entanglement in specific entangked gprovided that the state
is known. An entanglement witne$g [15,[12] is an operator with non-negative ex-
pectation value on all separable states, and for which theists an entangled state
such that the expectation value of the witness on that stategative. Therefore, if
Merlin wants to persuade Arthur that a given state entangled, it is sufficient for him
to send Arthur the respective entanglement witness.



Merlin cannot send the operatdf directly as a physical state because even though
W is an operator in the density operators’ Hilbert space, It mot be a valid state
in general. So, during the protocol f@w) € Ls, Merlin will send W as a set of
density operatorg;, ..., ox (each of the dimension d§)) and a classical string df
real numbers:;, such that’ = ). c;0;. Note that based on the construction of a
genericW in [IZ], the number ob;’s is polynomial inf(| o)) andc¢;’s are polynomial
computable real numbers.

Now, Arthur uses; and|¢) as inputs to the proper,, and computes To;|¢)),
for eachi. Using these expectation values and numbgrarthur can estimate

Tr (Y cioild)) = Tr(Wlg)).

i

If he obtains a negative value, he knows tligtis entangled. Also, in order to check
that Merlin did send him an entanglement witness, he cargpeghe basis of separable
states (with polynomial-size) and check that the expamtatalue on these states is
non-negative.

O

To introduce the following language we need few definitiomsrf [§]. Kashefi et
al. studied the relation between preparing a set of quantat@ssand constructing the
reflection operators about those states. We begin by theafimly natural definition of
the “easy” states and operators:

Definition 7 A unitary operatorl/ onn qubits ispolynomial-time computabl@asy),
if there exists a network approximately implementihgvith polynomial-size im. An
n-qubit state|¢) is defined to be polynomial-time preparable (easy), if theists an
easy operatot/ onpoly(n) qubits such thal/|0) = |¢).

It is well-known that if a statéy) is easy, then the reflection operator about that state,
2|¢){(¢| — I, is easy (Problen6.2(1) in [14]). The inverse statement is called the
Reflection Assumptioriif the reflection about a state is easy, the state itselbsyé
and it is known that:

Lemma 8 [B] If there exists a quantum one-way function, then existsoanter-
example to the Reflection Assumption.

The next quantum language is concerned with reflection ¢qesa
Example 9 The quantum languagk, defined below belongs t6)CMA:
Ly ={|¢) € D : The operator 2|¢)(¢| — I is polynomial-time computabje

Proof

During the protocol, forl¢) € L, Merlin will send a classical description of
the polynomial-size quantum network implementing the otite operatorR, =
2|¢){¢| — I. Arthur prepares an arbitrary statg) (unknown to Merlin), which can
always be written as:

&) = ale) + Blo™)



and appliesk,;, to a copy of|¢), obtaining the output state

[€0) = al¢) — Blo™) .

Then he uses the netwokk,, with m = ¢|¢) to compute the following values unknown
to Merlin:

Eloy = |alf?, (1)
(&lo) = |af?, (2)
&lsy = JlalP =8P, 3)

and he repeats this procedure far = poly(¢(|¢))) different|¢;). Arthur will accept
|¢) iff at each run of the above procedure the valuexodbtained from Equation
satisfies Equatio® and3.

Now assume thalip) is far from all elements of.4, i.e. the reflection operator
about|¢) is not easy, and that Merlin attempts to cheat by sending ¢lseription of
a polynomial-size networkv, whereN # Ry4. Following the above strategy, when
Arthur appliesN to |&;) = a|é) + 3|¢+) he will obtain a state of the forrt,) =
o'|@) + B'|¢1). If now he computes the values for the Equatio2 and3, he will get

(Elo) = lal,
(€olo)
(ol&i) = o™+ 53] .

If | o |?#| o' |? Arthur will detect the cheating. If on the other hahd |*=| o/ |2,

|
Q

which implies that 5 |>=| 3’ |2, we have that¢,|&;) = || o |2 +€ | 8 2|, where
0 is the relative phase betweghand 3’. Whenever # «, Equation3 will not be
satisfied and Arthur will detect the cheating. a

Another interesting language in close relationiip is defined below. First we
define the notion of polynomial-time checkabktate [20].

Definition 10 We define a staté¢) to be efficiently checkableif there exits a
polynomial-size quantum network implementing the folhmwdhecking operator:

Csl9)|0) = [9)[0)
Cyl)]|0) = alw)|0) + B¥)|1) where
Vi) Llg)  + a=0.

Example 11 The quantum languagk; defined below belongs t€QCMA:
Ls ={|¢p) € D : |9} is efficiently checkable
Proof The nextlemma shows thay, = Ls which impliesL; € *QCMA. a

Lemma 12 The quantum languagds, and L5 are equal.



Proof Denote by ctrlRy4 the controlled reflection operator which reflects the stéite o
the first register abou) iff the last qubit (the control qubit) is equal fo We show
for any statg¢):

Co=1®H octr-Ry o I® H,

and thereford., = Ls. It is easy to check:

IQH 1
[P0y — E|w>(|0> + 1))

ctrl-r, 1
— E{|w>|0> + (2(0l¥) o) — [¥)[1))}

OH 2 L2A)IaNI0) +2(19) — GININ}

If |) L |¢) the final state of the above computationwig|1) as required. O

4 Discussion

Following the work of Yamakam[[18], we have considered aggahframework for
guantum machines with quantum states as input. We intrabscse quantum lan-
guages in this paradigm and showed the corresponding lpdetizsion problems be-
long to complexity classeSBQP, *QCMA and*QMA. These quantum languages
can also be viewed as quantum property testing of a set otgunestates.

This investigation of quantum properties (quantum langsas useful for defining
new classical languages within the framework of quanturormftion theory. For in-
stance, if we consider the subset of quantum states thatecarepared in polynomial-
time, e.g. with a polynomial-size quantum circuit, we canwdea classical language
from the given quantum language. However, it is not clear teextend a given clas-
sical language to its quantum counterpart. As an exampleisferivation consider
the classical analogue of languabg

Ly ={zeX* : xdescribes a polynomial-size quantum netwbrk
andU|0) is an entangled state

which belongs t@QMA.

Recently, few complete languages QCMA and QMA have been introduced.
Finding complete languages foQ CMA and*QMA would also be very interesting,
but it is so far an open problem.
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